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In the present study, the steady state response to a sinusoidally varying force applied at
the centre of a point-supported anisotropic (orthotropic) elastic plate of rectangular shape
is analysed. In doing this, the displacement function of the plate is approximated by using
the eigenfunctions of a completely free beam. The difference between the free-end boundary
conditions of the plate and the beam is compensated for by considering a differential
operator in addition to the governing equation of the plate. Using Galerkin’s method, the
problem is reduced to the solution of a system of algebraic equations. The influence of the
mechanical properties on the mode shapes and the steady state response of the
viscoelastically point-supported rectangular plates is investigated numerically for a
concentrated load at the centre for various values of the mechanical properties
characterizing the anisotropy of the plate material. Also, the effect of the location of the
point supports is studied. The problems considered are solved within the framework of the
Kirchhoff–Love hypothesis.
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1. INTRODUCTION

In recent years, considerable interest has been shown in the determination of the vibration
characteristics of point-supported plates. Much of the interest is likely to have stemmed
from the potential application of the analyses to industrial applications. The most widely
studied point-supported plate problem is that of otherwise fully free plates. Such plates
have been considered with four corner point supports [1–3], with supports at the
mid-points of all four edges [4, 5], with multiple point supports along the edges [6, 7], with
supports symmetrically located at four points on the diagonals [8–14], with supports more
generally symmetrically located [15], with arbitrary numbers and locations of point
supports [16–18], and with two-dimensionally periodic point supports [19]. A
point-supported skew or rectangular orthotropic plate was studied by Srinivasan and
Munaswamy [20], and the free vibration of thin rectangular orthotropic plates resting on
point supports symmetrically located about the plate central axis was examined by
Gorman [21]. An elastically point-supported plate was studied by Leuner [22] and Laura
and Gutierrez [23], free vibration of a viscoelastically point-supported plate was examined
by Das and Navaratna [24], and forced vibration of a viscoelastically point-supported plate
was studied by Yamada et al. [25]. In many branches of modern industry, the structural
elements, such as plates, are fabricated from composite materials. For this reason, the
present investigation may be considered to be a problem of the mechanics of elements
fabricated from composite materials. In the study reported here, the steady state response
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of a viscoelastically point-supported anisotropic (orthotropic) plate to a sinusoidally
varying force is investigated for various values of the mechanical properties characterizing
the anisotropy of the plate material. The method of investigation used in the paper [25]
was developed for rectangular anisotropic (orthotropic) plates resting on a tensionless
elastic foundation by Kocatürk [26]. By making the necessary developments, the method
developed for orthotropic plates by Kocatürk [26] is used in the present study. The
problems considered are solved within the framework of the Kirchhoff–Love hypothesis.

2. ANALYSIS

Consider a point-supported rectangular anisotropic plate under a concentrated force
F(t) at the centre of the plate, as shown in Figure 1. The axis of the elastic symmetry of
the plate material coincides with the Ox and Oy axes. The governing equation for the
displacement function W(X, Y) is expressed as:

L(W)=Dx
14W
1X4 +2(D1 +2Dxy )

14W
1X21Y2 +Dy

14W
1Y4

+ s
I

i=1 0kiW+ ci
1W
1t 1d(X−Xi )d(Y−Yi )+ rh

12W
1t2 −F(t)d(X)d(Y)=0. (1)

In equation (1), d is the Dirac delta function, h is the plate thickness, ki is the spring
constant, ci is the damping coefficient of a point support Pi (Xi , Yi ). Dx , Dy , Dxy , and D1

are expressed as follows:

Dx =
E'xh3

12
Dy =

E'yh3

12
Dxy =

Gxyh3

12
D1 =

E0h3

12
, (2)

Figure 1. Viscoelastically point-supported rectangular anisotropic (orthotropic) plate subjected to an external
force.
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where Gxy is shear modulus and E'x , E'y , E0 are derived as follows:

E'x =
E1

1− n2
12e

E'y =
E1

(1− n2
12e)e

E0= n12E1

1− n2
12e

e=
E1

E2
. (3)

Here E1, E2 are Young’s moduli in the Ox and Oy directions, respectively, and v12 is
Poisson’s ratio. Since the analytical solution of equation (1) is impossible, the generalized
Galerkin method is employed by assuming the steady state response of the plate to a
sinusoidally varying force F(t)=Q ejvt as

W(X, Y)= aw(x, y) ejvt = a s
a

m=1

s
a

n=1

AmnZm (x)Zn (y) ejvt j=z−1, (4)

where x=X/a and y=Y/b. In the present study, w(x, y) is a complex variable containing
a phase angle. The normalized eigenfunctions Zm (x) of a free beam are given by

Z1(x)=1 Z2(x)=2z3x

Zm (x)=z2/[cosh2 (bm /2)+cos2 (bm /2)][cosh (bm /2) cos (bmx)

+ cos (bm /2) cosh(bmx)], m=3, 5, 7, . . . .

Zm (x)=z2/[sinh2 (bm /2)− sin2 (bm /2)][sinh (bm /2) sin (bmx)

+ sin (bm /2) sinh(bmx)], m=4, 6, 8, . . . . ,

where the parameters bm are the positive roots of the following equation:

tan (b/2)2 tanh (b/2)=0 m=63, 5, 7, . . . . . .
4, 6, 8, . . . . . .1 . (6)

The eigenfunctions Zn (y) are given by expressions of the same forms as equations (5) and
(6). The difference between the free-end boundary conditions of the plate and the beam
is compensated for by adding

Lr (W)=D1
1

1X 612W
1Y2 [d(X+ a/2)− d(X− a/2)]7

+ D1
1

1Y 612W
1X2 [d(Y+ b/2)− d(Y− b/2)]7

+ (D1 +4Dxy )
13W

1X1Y2 [d(X+ a/2)− d(X− a/2)]+ (D1 +4Dxy )
13W

1X21Y

× [d(Y+ b/2)− d(Y− b/2)]

+ 4Dxy
12W
1X1Y

[d(X+ a/2)− d(X− a/2)][d(Y+ b/2)− d(Y− b/2)] (7)

to the equation of the plate as it is employed in reference [26]. This operator is obtained
by considering non-vanishing boundary conditions and satisfying them by applying
external forces and moments that are taken into account as external loads.
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For simplicity of the analysis, the following dimensionless quantities are introduced:

D2 =2(D4 +2D5) D3 =
Dy

Dx
=

E2

E1
D4 =

D1

Dx
= n12 D5 =

Dxy

Dx
=

Gxy

E1
(1− n2

12e)

D6 =D4 +4D5 a=
a
b

k=
kia3

bDx
gi =

cia
bzrhDx

l2 =
rhv2a4

Dx
q=

Qa

Dx
.

(8)

Thus, taking into account the above-mentioned quantities, the equilibrium equation of the
plate may be written in terms of the dimensionless quantities as

L(w)+Lr (w)=
14w
1x4 + a2D2

14w
1x21y2 + a4D3

14w
1y4 + s

I

i=1

(ki +jgil)wd(x− xi )d(y− yi )

− l2w− aqd(x)d(y)+ a2D4
1

1x612w
1y2 [d(x+1/2)− d(x−1/2)]7

+ a2D4
1

1y 612w
1x2 [d(y+1/2)− d(y−1/2)]7+ a2D6

13w
1x1y2

× [d(x+1/2)− d(x−1/2)]+ a2D6
13w

1x21y
[d(y+1/2)]

− d(y−1/2)]+4a2D5
12w
1x1y

[d(x+1/2)− d(x−1/2)]

× [d(y+1/2)− d(y−1/2)]=0. (9)

Application of the Galerkin orthogonalization process to the last equation with respect
to the eigenfunctions yields the following system of algebraic equations for the unknown
coefficients Amn

s
a

m=1

s
a

n=1

CmnklAmn =Dkl , (10)

where

Cmnkl =(b4
m + a4b4

nD3)dmkdnl + a2D2amkanl + s
I

i=1

(ki +jgil)Zm (xi )Zk(xi )Zn (yi )Zl (yi )

− l2dmkdnl + a2D4{anl [Zm (1
2)Z'k (1

2)−Zm (−1
2)Z'k (−1

2)]+ amk [Zn (1
2)Z'l (1

2)

− Zn (−1
2)Z'l (−1

2)]}+ a2D6{anl [Z'm (−1
2)Zk (−1

2)−Z'm (1
2)Zk (1

2)]

+ amk [Z'n (−1
2)Zl (−1

2)−Z'n (1
2)Zl (1

2)]}

+ 4a2D5[Z'n (−1
2)Zl (−1

2)Z'm (−1
2)Zk (−1

2)−Z'n (−1
2)Zl (−1

2)Z'm (1
2)Zk (1

2)]

+ 4a2D5[−Z'n (1
2)Zl (1

2)Z'm (−1
2)Zk (−1

2)+Z'n (1
2)Zl (1

2)Z'm (1
2)Zk (1

2)],

Dkl =+aqZk (0)Zl (0) amk =g
l/2

−l/2

Z0m (x)Zk (x) dx j=z−1 (11)
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Equation (10) is a set of linear equations in the unknown coefficients Amn . The transverse
deflection of the plate is determined from equation (4) by calculating the unknown
coefficients. The magnitude of the reaction force FT ejvt at the point supports is given by

FT = s
I

i=1

(ki +jciv)aw(xi , yi ), (12)

and therefore the force transmissibility at the supports is determined by

TR =
1
q

s
M

m=1

s
N

n=1

Amn s
I

i=1

(ki +jgil)Zm (xi )Zn (yi ). (13)

3. NUMERICAL RESULTS AND DISCUSSION

In this section, the steady state response to a point force q acting at the centre of the
plate is calculated numerically for an orthotropic square plate viscoelastically supported
at four points symmetrically located at the corners or on the two diagonals, where the
parameters ki and li are taken to have the same respective values at all the supports denoted
by ki = ks and gi = gs . Because of the structural symmetry and symmetry of the external
force, only symmetrical vibrations arise in the plate. In this case, the natural frequencies
and the dynamic responses can be calculated by taking only the odd terms in the series
solution. The symbol SS represents symmetrical vibration with respect to centrelines.

For a better understanding of the responses presented, a short investigation of the free
vibration of an elastically point-supported plate is necessary. The natural frequencies (the
frequency parameters) of the plate are determined by calculating the eigenvalues l of the
frequency equation obtained by taking the damping parameter of the supports as gs =0
and the force q=0 in equation (10), and the mode shapes of vibration can be determined
from equation (4) by calculating the eigenvectors corresponding to the eigenvalues. In all
of the numerical calculations, the value of the Gxy /E1 raito is taken as 0·3846. In
Figure 2(a), the values on the ordinates at ks =0 and a, respectively, represent the

Figure 2. (a) Frequency parameters of square orthotropic plates elastically supported at the corners, n=0·3.
(b) Frequency parameters of square orthotropic plates elastically supported at four points symmetrically located
on the diagonals, n=0·3, ks =100. (c) The nodal patterns for the SS-1, SS-2 and SS-3 vibrations. ––, E2/E1=1·0;
–·–·, E2/E1 =0·8; - - - -, E2/E1 =0·6.
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frequency parameters of an unconstrained free plate and a simply point-supported plate.
With an increase in the parameters ks , the frequency parameters monotonically increase
and ultimately become the values of a simply point-supported plate. Figure 2(b) shows the
frequency parameters l versus the location of the point supports for a square plate with
undamped supports symmetrically located on the diagonals, where (xs , ys ) denote the
absolute values of the co-ordinates of all the supports. In the isotropic case, nodal lines
arising in the SS-2 vibration mode coincide with the diagonals passing through the
supports for E2/E1 =1 as seen in the mode shapes (Figure 2(c)), and therefore the
frequency parameter remains constant without being affected by the variation of ks and
xs = ys [25], as can be seen from Figures 2(a) and (b). However, in the orthotropic case,
nodal lines arising in the SS-2 vibration mode do not coincide with the diagonals
(Figure 2(c), SS-2 mode) and their shapes change with the variation in ks and xs = ys . In
the SS-3 mode, the circle changes it’s shape when the plate is orthotropic but this difference
is not shown in Figure 2(c) for it is very small for the parameters considered. By decreasing
the values of E2/E1, the frequency parameter l decreases relative to the isotropic case for
all of the modes, as can be seen in Figures 2(a) and (b).

Figure 3 shows the force transmissibilities for various E2/E1 values and support
conditions for a viscoelastically point-supported plate. It is seen from Figures 3(a) and (b)
that, especially for small values of xs = ys , and E2/E1 values different from unity, the SS-2
mode becomes more important than the other modes. Figure 3(a) shows that, for
xs = ys =0·1, E2/E1 =0·8 and E2/E1 =0·6, the force transmisibilities in the SS-2 mode
become greater than in the other modes. In Figure 3(b), it is seen that, when xs = ys =0·2,

Figure 3. The force transmissibilities of square orthotropic plates for various E2/E1 values for: (a) xs = ys =0·1;
(b) xs = ys =0·2; (c) xs = ys =0·3; (d) xs = ys =0·4; (e) xs = ys =0·5. gs =1; ks =100; n=0·3. ––, E2/E1=1·0;
–·–·, E2/E1 =0·8; - - - -, E2/E1 =0·6.
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T 1

Frequency parameters l for a free and simply point-supported orthotropic square plate:
n=0·3, gs =0, xs = ys =0·5

Vibration ks =0 ks =a ks =0 ks =a ks =0 ks =a
mode E2/E1 =1·0 E2/E1 =1·0 E2/E1 =0·8 E2/E1 =0·8 E2/E1 =0·6 E2/E1 =0·6

SS-1 0 7·139 0 6·815 0 6·326
SS-2 19·684 19·684 18·033 18·329 15·674 16·839
SS-3 24·347 44·383 23·508 43·237 22·981 41·786

the SS-3 vibration becomes important in the force transmissibility. For values of xs = ys

smaller than approximately xs = ys =0·25 and for E2/E1 values different from unity, the
SS-2 vibration frequency range becomes larger than the range when xs = ys are greater than
approximately 0·25. As it is seen from Figure 2, for E2/E1 =0·8 and xs = ys =0·275, the
frequency parameters, l, for the SS-1 and SS-2 modes become 18·033 and 18·749,
respectively, and as a result of this situation, the SS-1 and SS-2 vibration responses become
very close to each other. This situation can be observed from Figure 3.

Table 1 shows the frequency parameters of a completely free and a corner
point-supported orthotropic square plate. In the case of isotropy, where E2/E1 =1, the
obtained results are the same as that of Yamada et al. [25].

4. CONCLUSIONS

The steady state response to a sinusoidally varying force has been studied for a
viscoelastically point-supported anisotropic (orthotropic) square plate.

The response equation is derived from the equation of vibration of the point-supported
orthotropic plate by the generalized Galerkin method with the eigenfunctions of free beams
used as admissible functions.

By the application of the method, the response curves to a sinusoidally varying point
force acting at the centre have been calculated numerically for orthotropic square plates
viscoelastically supported at four points at the corners or on the diagonals, together with
the natural frequencies of undamped point-supported plates. It is seen that because of the
orthotropy, the SS-2 mode occurs in the plate and results in narrower frequency ranges
and small frequencies relative to the isotropic case.
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comments on the present study.

REFERENCES

1. H. L. C and J. B 1960 Aeronautical Quarterly 11, 41–50. Vibration of rectangular plates
point-supported at the corners.

2. R. E. R, J. 1965 NASA TND-3030 Comparison of methods in calculating frequencies of
corner supported rectangular plates.

3. G. A 1993 Computers & Structures 48, 1163–1166. Vibration of Mindlin plates symmetrically
column-supported at four points.

4. H. L. C 1955 Journal of the Acoustical Society of America 27, 791–792. Vibration of a square
plate, point supported at midpoints of sides.



. ̈672

5. D. J. J and R. N 1972 Journal of Sound and Vibration 25, 75–82. Vibration of square
plate symmetrically supported at four points.

6. G. V R 1975 Journal of Sound and Vibration 38, 271. Fundamental frequency
of a square plate with multiple point supports on edges.

7. J. D, C. K. K and E. H. D 1973 AMS Report No. 1133, Princeton University.
Free vibrations of a plate with varying number of supports.

8. W. K. T 1966 American Institute of Aeronautics and Astronautics Journal 4, 733–735. On the
fundamental frequency of a four point supported square elastic plate.

9. D. J. J and V. T. N 1969 Journal of Sound and Vibration 10, 404–410. On the
fundamental frequency of a square plate symmetrically supported at four points.

10. E. H. D 1971 Journal of Applied Mechanics 38, 595–600. Free vibrations of a linear
structure with arbitrary support conditions.

11. M. P and W. H. M 1972 Journal of Sound and Vibration 21, 355–364. Vibration of
column-supported floor slabs.

12. G. V R, I.S. R and C. L. A-R 1973 Journal of Sound and Vibration
29, 387–391. Vibrations of point supported plates.

13. G. V R, C. L. A-R and T. V. G. K. M 1975 Journal of Sound and
Vibration 40, 561–562. On the fundamental frequency of point supported plate.

14. I. S. R and C. L. A-R 1983 Journal of Sound and Vibration 90, 291–297. Free vibrations
of a square plate symmetrically supported at four points on the diagonals.

15. D. J. G 1981 Journal of Sound and Vibration 79, 561–574. An analytical solution for the
free vibration analysis of rectangular plates resting on symmetrically distributed point supports.

16. Y. N 1984 Journal of Sound and Vibration 93, 593–597. Note on vibrations of point
supported rectangular plates.

17. J. G. M. K 1979 Journal of Sound and Vibration 65, 493–504. Vibration of a rectangular
plate supported at an arbitrary number of points.

18. J. G. M. K 1981 Journal of Sound and Vibration 76, 467–480. Vibration of complex
structures: the modal constraint-method.

19. B. R. M 1996 Journal of Sound and Vibration 192, 629–643. The vibration of plates on
two-dimensionally periodic point supports.

20. R. S. S and K. M 1975 Journal of Sound and Vibration 39, 207–216.
Frequency analysis of skew orthotropic point supported plates.

21. D. J. G 1994 American Society of Civil Engineers, Journal of Engineering Mechanics, 120,
58–74. Free-vibration analysis of point-supported orthotropic plates.

22. T. R. L 1974 Journal of Sound and Vibration 32, 481–490. An experimental–theoretical
study of free vibrations of plates on elastic point supports.

23. P. A. A. L and R. H. G 1981 Journal of Sound and Vibration 75, 135–143.
Transverse vibrations of thin, elastic plates with concentrated masses and internal elastic
supports.

24. Y. C. D and D. R. N 1963 Transactions of the American Society of Mechanical
Engineers, Journal of Applied Mechanics 30, 31–36. Vibrations of a rectangular plate with
concentrated mass, spring, and dashpot.

25. G. Y, T. I and M. T 1985 Journal of Sound and Vibration 102, 285–295.
Determination of the steady state response of a viscoelastically point-supported rectangular
plate.

26. T. K̈ 1995 Mechanics of Composite Materials 31, 378–386. Rectangular anisotropic
(orthotropic) plates on a tensionless elastic foundation.


